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The insertion of a local magnetic flux, as the one created by a thin solenoid, plays an important
role in gedanken experiments of quantum Hall physics. By combining Floquet engineering of artificial
magnetic fields with the ability of single-site addressing in quantum gas microscopes, we propose a
scheme for the realization of such local solenoid-type magnetic fields in optical lattices. We show
that it can be employed to manipulate and probe elementary excitations of a topological Chern
insulator. This includes quantized adiabatic charge pumping along tailored paths inside the bulk,
as well as the controlled population of edge modes.
Introduction. The adiabatic creation of a single quasi-
particle or quasihole in a quantum Hall insulator by in-
serting a magnetic flux quantum, using an infinitely thin
solenoid, is a famous gedanken experiment of quantum
Hall physics [1, 2]. Inspired by the recent experimental
progress in controlling atomic quantum gases, here we
propose and simulate a realistic scheme for the Floquet
engineering of such strong solenoid-type local fluxes in an
optical lattice system. The experimental realization of
such an ‘optical solenoid’ would provide a powerful novel
tool for probing and manipulating topological states of
matter and their excitations in a quantum gas.
In recent years, we have witnessed significant progress
in the experimental realization and the coherent con-
trol of mesoscopic quantum systems of ultracold neutral
atoms in optical lattice potentials. One milestone is the
engineering of artificial magnetic fields [3–22] which in-
cludes the creation of extremely strong magnetic fluxes
of the order of one flux quantum per lattice plaquette
(corresponding to hypothetical field strengths of ∼ 104
Tesla for electrons in graphene) [8–15], the observation
of topologically protected chiral edge transport [16–19]
and a bulk Hall response [14, 20], as well as the measure-
ment of non-zero Chern numbers [14, 21]. Furthermore,
the ability of single-site addressing in quantum gas micro-
scopes by using digital micromirror devices [23–46] has
been employed for studying the light-cone like spreading
of correlations and information [36], measuring entan-
glement entropy [37, 38], investigating many-body local-
ization [39], for the preparation of low-entropy states of
matter [40, 41, 47], and the detection of antiferromag-
netic correlations [42–46].
In this paper, we propose to exploit the single-site con-
trol and imaging provided by quantum gas microscopes
for the realization of strong tunable artificial magnetic
fields piercing single plaquettes of a two-dimensional (2D)
optical lattice [Fig. 1(a)]. We design a feasible scheme for
the Floquet engineering of such optical solenoids based
on photon-assisted tunneling induced by local potential
modulations. It can be used to adiabatically create and
manipulate local quasiparticle/hole excitations in Chern
insulator states. We show that in this way quantized
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FIG. 1. (a) Scheme for realizing solenoid-type local plaquette
fluxes in a 2D optical lattice. The bonds labeled by colored
arrows acquire an additional Peierls phase δφ as a result of
the modification of the driving potentials on the colored rows.
The integer d represents the distance between the plaquettes
labeled by ⊗, whose flux become φ±δφ, with homogeneous
background flux φ. (b) Amplitude K`′0/K and phase ∆ϕ`′0 ≡
(ϕ`′0 − ϕ`′0`0)/2pi of the additional driving versus the phase
shift δφ according to Eq. (7). (c) Modification of tunneling
parameters transverse to the colored rows at the background
flux φ = pi/2, for K = 0.15~ω (orange/solid) and K = 0.35~ω
(green/dashed).
charge pumping can be induced along tailored paths,
which are determined by the artificial electric fields cre-
ated by the time-dependent Peierls phases (vector poten-
tials) used for the flux insertion. This allows, among oth-
ers, also for the coherent population (and depopulation)
of edge modes, e.g. in order to probe chiral transport as
a signature of the topological nature of the system.
Engineering a tunable local flux. Our starting point is
the scheme for the realization of a homogeneous magnetic
flux based on photon-assisted tunneling in a 2D optical
ar
X
iv
:1
80
2.
06
81
5v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 17
 A
pr
 20
18
2square lattice [12–15]. We consider non-interacting par-
ticles subjected to an on-site potential w` (t) = w
dr
` (t) +
ν`~ω on lattice site `. Here wdr` (t) = wdr` (t+ T ) denotes
a time-periodic driving potential, which induces photon-
assisted tunneling against the static energy offsets char-
acterized by the integers ν` and the angular driving fre-
quency ω = 2pi/T . After a gauge transformation, the
Hamiltonian takes the form [7]
Hˆ(t) = −
∑
〈`,`′〉
J`′`e
iθ`′`(t)aˆ†`′ aˆ`, (1)
where aˆ` (aˆ
†
`) is the annihilation (creation) operator for
a particle on site ` and J`′` the parameter for tunnel-
ing between nearest-neighboring sites ` and `′. The
time-dependent Peierls phases θ`′`(t) =
∫ t
t0
dt′w`′`(t′)/~+
χ
(0)
`′ − χ(0)` play the role of vector potentials, where
the free gauge parameters χ
(0)
` are chosen to remove
t0-dependent terms. For sinusoidal driving, the rela-
tive modulation between two neighboring sites w`′`(t) =
w`′(t)− w`(t) takes the form of
w`′`(t) = K`′` cos (ωt− ϕ`′`) + (ν`′ − ν`)~ω, (2)
where K`′` > 0 and ϕ`′`, respectively, represent the driv-
ing strength and phase. In the high-frequency regime
(~ω  J`′`), the time-dependent Hamiltonian (1) can be
approximated by its cycle average [7]
Hˆeff =
1
T
T∫
0
dtHˆ(t) = −
∑
〈`,`′〉
Jeff`′`aˆ
†
`′ aˆ`. (3)
Let us now consider a sinusoidally driven superlattice
with staggered potential offsets in x-direction [14], ν` =
[1+(−1)m]/2. We use integer indicesm and n to label the
x and y coordinates of each site ` = (m,n), as depicted in
Fig. 1(a). This results in effective tunneling parameters
Jeffx ≡ Jeff`′`
∣∣
x
= JxJ1
(
K`′`
~ω
)
eiθ
eff
`′` , (4)
Jeffy ≡ Jeff`′`
∣∣
y
= JyJ0
(
K`′`
~ω
)
. (5)
Here Jx(Jy) is the amplitude of bare tunneling along
the x (y)-direction, Jα(·) a Bessel function, and θeff`′` =
(−1)m+1 ϕ`′` an effective time-independent Peierls phase.
Homogeneous tunneling amplitudes
∣∣Jeffx ∣∣ and ∣∣Jeffy ∣∣
(K`′` = K) and spatially varying Peierls phases of the
form θeff`′` = φn + ηm can be achieved by oscillating site-
dependent light-shift potentials [14]. This corresponds to
a homogeneous magnetic flux of φ piercing each plaque-
tte, not depending on the m-dependent term ηm. In such
a system, the Harper-Hofstadter model with φ = pi/2 has
been successfully engineered experimentally [14].
Starting from this configuration, we now describe how
to engineer additional solenoid-type fluxes piercing two
lattice plaquettes [Fig. 1(a)]. For this purpose, we con-
sider additional driving potentials K` sin (ωt− ϕ`) in-
duced by digital mirror devices in the shaded subregion
of Fig. 1(a). We first concentrate on tunneling along x-
direction. Within the rows labeled by the same color,
identical driving is imposed on every site. Thus, the
tunneling processes within these rows remain unaffected.
However, for tunneling on the link connected by an un-
modified site and a modified one [denoted by arrows in
Fig. 1(a)], the relative modulation [Eq. (2)] is changed.
We choose the additional driving so that the strength of
tunneling remains the same, while the tunneling phase
obtains a shift δφ. The parameter for tunneling leftward
along that link shall be modified to
J ′effx = J
eff
x e
iδφ =
∣∣Jeffx ∣∣ ei(φn0+ηm0+δφ). (6)
In the n0th row, e.g., this can be achieved by applying
additional driving potential K`′0 sin(ωt−ϕ`′0) on `′0 (and
all other red sites), with
K`′0 = −2K sin (δφ/2) and ϕ`′0 = ϕ`′0`0 − δφ/2, (7)
The values of δφ can be varied continuously from 0 to
2pi by simultaneously tuning both the strength K`′0 and
the phase ϕ`′0 of the additional driving as depicted in
Fig. 1(b). For the other rows in the shadowed area,
the same strategy is applied and the same δφ is imple-
mented on each of the modified links [labeled by arrows
in Fig. 1(a)]. This results in solenoid-type local fluxes
φ± δφ for the plaquettes at the end of the modified links
[denoted by ⊗, in Fig. 1(a)], while the other plaquettes
remain to have the uniform background flux φ.
According to Eq. (7), the additional driving phase ϕ`′
in the nth row depends on the original phase ϕ`′` on
the modified bond in that row. Such row-dependent ad-
ditional driving will modify the y tunneling matrix ele-
ments in the modified area to
J ′effy = JyJ0
(
K · c`′`
~ω
)
, (8)
where the modified coefficients c`′` take finite bond-
dependent values. In the case of a background flux
φ = pi/2, the tunneling matrix elements are modified
in eight different ways (depending on their position) that
are plotted in Fig. 1(c) for two different values of K/(~ω).
Since the Bessel function J0(x) ' 1− x2/4 changes only
slowly for small arguments, the so-induced tunnel in-
homogeneities are reduced for small K/~ω [Fig. 1(c)].
Moreover, since we are interested in (topologically non-
trivial) insulating states, which are protected by a gap,
the system will be robust against small inhomogeneities.
Ideally, the engineered system is captured by a modi-
fied Harper-Hofstadter model
Hˆ ideal = −
∑
〈`,`′〉
Jei(φn+µ`′`δφ)aˆ†`′ aˆ`, (9)
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FIG. 2. (a) The particle number difference ∆Ni = Ni(t) −
Ni(t = 0) in regions i = A, B and C [defined in (b)] as a func-
tion of δφ(t), which is ramped linearly from 0 to 2pi within
the time τ = 10~/J , for K/~ω = 0.35. The solid, dotted,
and dashed lines are obtained by solving the time-dependent
Schro¨dinger equation for the ideal Hamiltonian (9), the time-
averaged Hamiltonian (3), and the time-dependent Hamilto-
nian (1) respectively. Snapshots of the respective changes in
spatial densities are depicted in (b), (c) and (d). The simula-
tion of Hamiltonian (1) includes the preparation of the Chern
insulator before the ramp (see Fig. 4), and also imperfections
as they would arise from a limited spatial resolution of the ad-
ditional driving potentials. (e) Population of single-particle
energy eigenstates after the flux insertion computed for the
ideal Hamiltonian (9).
with a homogeneous tunneling amplitude J and coeffi-
cients µ`′` that take values 1 (-1) for tunneling along
(against) an arrow in Fig. 1(a) and 0 otherwise. For a
quarter flux, the system possess four bands. The low-
est band, characterized by the topologically non-trivial
Chern number C = 1, shall be filled completely with non-
interacting spinless fermions, so that the system forms an
integer-quantum-Hall-type Chern insulator [48, 49].
Creating quasiparticles and quasiholes. For C = 1, we
expect that locally a quasiparticle (quasihole) of “charge”
+1 (-1) can be created adiabatically by linearly increas-
ing δφ from 0 to 2pi within a proper ramping time τ ,
i.e. δφ (t) = (2pi/τ)t [50]. We consider a square lattice
of size 16×25 with the two modified plaquettes sepa-
rated by 10 lattice constants. As a signature of such
an excitation, we track the particle number differences
∆Ni(t) = Ni(t)−Ni(t = 0) at time t in three regions i =
A,B,C. We define that A (B) is a square-shaped region
of size 10×10, centered at the plaquette with additional
flux δφ (−δφ), and C is the area between A and B [see
Fig. 2(b)]. We numerically calculate the spatial density
distribution by solving the time-dependent Schro¨dinger
equation for the ideal Hamiltonian (9) [Fig. 2(b)], the
time-averaged Hamiltonian (3) [Fig. 2(c)], and the time-
dependent Hamiltonian (1) [Fig. 2(d)]. In the latter case,
we simulated also the preparation of the Chern insulator
state before ramping up δφ, following the protocol de-
scribed below [cf. Fig. 4], where we also included imper-
fections mimicking a possible limited spatial resolution
of the additional driving. For all three simulations, we
plot ∆Ni as a function of δφ [Fig. 2(a)]. Good agree-
ment among all these simulations is observed, despite
the fact that the simulation of the full time evolution
takes into account possible imperfections, non-adiabatic
processes, and driving-induced heating. The values ∆Ni
near ±1 at δφ = 2pi suggest the creation of a quasipar-
ticle (quasihole) around the plaquette where the addi-
tional flux δφ(−δφ) was inserted. Note that static pin-
ning potentials V/J = ±1 have been applied on each
of the four sites around the plaquette with additional
flux ∓δφ, to prevent the created excitations from dis-
persing [51]. This is necessary, because, unlike the Lan-
dau levels of a continuous system, the energy bands of
the Harper-Hofstadter model are not perfectly flat. V
is small enough to cause only local density disturbances
in the ground state [visible also in the plot for t = τ2
in Fig. 4(b)]. Since the pinning potentials are present
before the flux insertion, they do not contribute to the
relative density change plotted in Fig. 2.
In order to locate the quasiparticle and quasihole in
the energy spectrum En, in Fig. 2(e) we plot the mean
occupation ρn of the eigenstates of Hamiltonian (9) af-
ter the flux insertion. A quasihole appears in the oc-
cupied lowest band, while a quasiparticle is created in
the first excited band. Note that without pinning po-
tentials, the quasiparticle and quasihole excitations are
distributed over many states, while they correspond to
eigenstates in the presence of the pinning potentials.
The snapshots of the evolution of the spatial density
distributions are plotted in Figs. 2(b-d), in which we can
observe clear signatures of the creation of a quasiparticle
and a quasihole. Figs. 2(c),(d) show that the tunneling
inhomogeneity [not present in the ideal model underlying
Fig. 2(b)] mainly induces extra excitations at the right
edge. This is related to the fact that the edge modes are
gapless. However, it does not affect the creation of quasi-
particles and quasiholes in the bulk, which is protected
by an energy gap [Fig. 2(a)].
Controlled charge pumping. Fig. 2(b) shows that a
quantum of charge is transported along the path de-
fined by the sequence of bonds with the additional Peierls
phase δφ. As shown in Fig. 3(a), by adding phases δφ
on the bonds starting from the target plaquettes to the
edge instead of between them, a different particle trans-
port is induced. Apart from the previous bulk excita-
tions, a quasiparticle and a quasihole appear at the edges
[Fig. 3(b)]. Again quanta of charge are transported along
the path defined by the modified Peierls phases. After
being created, such edge excitations follow a chiral mo-
tion, until their densities annihilate each other after some
time. By introducing a flux through a single plaquette
[Fig. 3(c)], the edge mode can be coherently populated
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FIG. 3. (a) Local flux configuration as in Fig. 1(a), but for a
different gauge. (b) Snapshots of corresponding spatial den-
sity distributions during ramp. (c) and (d) for additional flux
in a single plaquette. The chiral edge transport visible in
(d) is robust at the corners and against an impurity poten-
tial of 10J at the lower edge. The results are obtained from
time evolution governed by the ideal Hamiltonian (9) with
δφ(t) = 2piτ/t for t < τ and δφ(t) = 2pi for t > τ , where
τ = 10~/J .
in a controlled fashion along the path defined by the ad-
ditional Peierls phases [Fig. 3(d)]. This mechanism can
be a useful tool to probe robust chiral edge transport as
visualized in Fig. 3(d).
In our 2D system, the path along which a quantum
of charge is transported can be controlled by choosing a
particular gauge for the additional flux. This can be un-
derstood by noting that artificial electric fields ∝ θ˙`′` are
induced when changing the Peierls phases θ`′` between
sites `′ and ` (which represent a vector potential). Thus,
the optical solenoid fields proposed here allow for quan-
tized charge pumping along tailored paths in 2D topo-
logical Chern insulators.
Experimental protocol. For the implementation of the
above-mentioned local flux scheme, we consider the fol-
lowing experimental protocol, which includes also the
preparation of the Chern insulator state from the ground
state of the undriven lattice [Fig. 4(a)]. We start with a
trivial band insulator in a staggered potential with energy
offsets ∆ + δ along x and δ along y direction [14]. Then
the driving amplitude K is ramped up linearly to its final
value within time τ1. Subsequently the detuning δ/J is
ramped down between τ1 and τ2. During this ramp, the
system undergoes a topological phase transition into a
Chern insulator state [14]. This topologically non-trivial
regime should be reached adiabatically by relying on the
finite extent of the system. At the same time, the pinning
potentials (|V |/J = 1) are also switched on at the modi-
fied plaquettes. In the last stage (τ2 → τ3), the additional
flux δφ is ramped from 0 to 2pi by tuning the amplitudes
K ′` and the phases ϕ
′
` according to Eq. (7). Furthermore,
to address any concern regarding possible experimental
imperfections of the single-site resolution, we consider
only 80% of the proposed ideal additional driving on site
V
t0
(a)
(b)
K
FIG. 4. (a) Experimental protocol for the preparation of the
Chern insulator starting from the ground state of the undriven
lattice and the subsequent flux insertion (see main text). (b)
Spatial density distribution at different stages of the proto-
col from the simulation of the time evolution of Eq. (1), for
driving frequency of ~ω = 70J , initial superlattice strength
δ = 4J , final driving amplitude K/~ω = 0.35, as well as ramp-
ing times τ1 = 200~/J, τ2−τ1 = 400~/J, τ = τ3−τ2 = 10~/J .
The effect of the flux insertion (τ2 → τ3) is shown in Fig. 2(d).
` to act on this site, while the remaining 20% are dis-
tributed evenly among the four neighboring sites. The
results obtained from integrating the time evolution for
this protocol using the time-dependent Hamiltonian (1)
are presented in Fig. 2(a) (dashed lines) and (d). Since
our simulation starts with adiabatic preparation from a
trivial band insulator, possible driving induced interband
transitions [52] are also included. We observe that the
quantized charge transport is spoiled neither by such in-
terband excitations nor by the imperfect spatial resolu-
tion [Fig. 2(a), (d)]. Note that not taking into account
interactions is well justified in systems of spin-polarized
fermionic atoms, and that the heating in Floquet systems
has not been a major problem in experiments with such
spin-polarized fermions [20].
Conclusion and outlook We have proposed a scheme
for the realization of tunable solenoid-type local magnetic
fluxes in 2D optical lattices. Such optical solenoids allows
for quantized charge pumping in a topological Chern in-
sulator along tailored paths. This effect can, for example,
be employed for the coherent population of chiral edge
modes to probe their robust chiral transport properties.
An interesting application for optical solenoids can also
be to create, probe and manipulate fractionally charged
excitations of fractional Chern insulators [53].
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